HFG1 is the first well observed planetary nebula (PN) which reveals a cometary-like structure. Its main morphological features consist of a bow shaped shell, which surrounds the central star, accompanied by a long collimated tail. In this study we perform two-dimensional hydrodynamic simulations modeling the formation of HFG1 from the interaction of the local ambient medium with the mass outflows of its Asymptotic Giant Branch (AGB) progenitor star. We attribute the cometary appearance of HFG1 to the systemic motion of the PN with respect to the local ambient medium. Due to its vital importance, we re-estimate the distance of HFG1 by modeling the spectral energy distribution of its central star, V664 Cas, and we find a distance of 490 ± 50 pc. Our simulations show that none of our models with time invariant stellar wind and ambient medium properties are able to reproduce simultaneously the extended bow shock and the collimated tail observed in HFG1. Given this, we increase the complexity of our modeling considering that the stellar wind is time variable. The wind description is based on the predictions of the AGB and post-AGB evolution models. Testing a grid of models we find that the properties of HFG1 are best reproduced by the mass outflows of a 3 M ⊙ AGB star. Such a scenario is consistent with the current observed properties of V664 Cas primary star, an O-type subdwarf, and bridges the evolutionary history of HFG1 central star with the observables of the PN. We discuss the implications of our study in the understanding of the evolution of AGB/post-AGB stars towards the formation of O-type subdwarfs surrounded by PNe.
INTRODUCTION
Planetary nebulae (PNe) are large expanding shells formed by the mass outflows of low/intermediate mass stars (M ∼ 1 − 8 M ⊙ ). These stars during the asymptotic giant branch (AGB) phase eject most of their envelope in the form of a strong stellar wind. Subsequently, the fast wind that accompanies the contraction of the AGB core interacts with the previously ejected matter shaping the final morphology of the PN (Paczyński 1971) . The resulting structure becomes visible as the gas is photoinonized by the hot central star -the remnant of the mass losing star -which is either a white dwarf (WD) or a subdwarf (Kwok 2000 Heckathorn et al. (1982) using the emission line survey of Parker et al. (1979) . Its morphology reveals a 9 arcmin diameter asymmetric nebula surrounded ⋆ a.chiotellis@noa.gr by a bow shaped outer ring of 15 arcmin diameter. The brightness of the outer ring is also asymmetric, revealing its maximum value on the southeastern section of the nebula (Fig. 1) . The same authors performed spectroscopic studies of the central region of HFG1 which show high excited plasma, a common feature of PNe. Finally, based on the Hβ surface brightness, they estimated the distance of HFG1 to be 350 -400 pc. Given this distance range, the radius of the nebula central region is 0.45 -0.5 pc while this of the outer arc 0.75 -0.9 pc. These properties classify HFG1 as a large, high excitation, double shell PN. Boumis et al. (2009) . The stellar contamination has been removed by implementing robust smoothing techniques based on the nearest pixel neighbors, while the distance to these neighbors (spread of each point source) has been adaptively adjusted to the local sky background (see also Nanouris et al. 2015 , for a more detailed description of the reduction pipeline). The procedure has been applied both in the Hα and [O III] images and the combined image has emerged by co-adding the reduced images in 1:5 ratio.
that the PN is moving with PM = 13.0 ± 1.5 mas yr −1 with respect to the local ISM along a position angle of PA = 133 o ± 6 o . The central star (CS) of HFG1, named as V664 Cas, is a binary system located in the core of the inner nebula (Heckathorn et al. 1982) . Photometric variability of V664 Cas, was first reported by Grauer et al. (1987) , who proposed that the CS is a close detached pre-cataclysmic binary consisting of a hot primary which heats the larger and cooler main-sequence companion. Several multifilter photometric observations of V664 Cas (V ∼ 13.4 mag, Tylenda et al. 1991) have been carried out since its discovery, suggesting a non-eclipsing binary with a light curve of a purely sinusoidal shape, a wavelength-dependent amplitude (∆m =1.13, 1.14, and 1.12 mag in the V, R, I passbands, respectively), and a period equal to 0.58 days (e.g Pigulski & Michalska 2002) . The photometric period reflects the motion of the irradiated area (usually referred as a hot spot) of the secondary star -with respect to the line of sight -which is expected to be synchronized with the orbital motion, i.e. it is considered equal to the orbital period. The spectroscopic analyses of V664 Cas (Shimanskii et al. 2004; Exter et al. 2005) classify the binary components as an O-type subdwarf (sdO, primary) and a F5-K0 main sequence star with roughly solar composition (secondary). Both Shimanskii et al. (2004) and Exter et al. (2005) modeled the V664 Cas spectra and light curves providing a full set of fundamental parameters for the binary system. Table 1 shows the most reliable and well-constrained properties of V664 Cas as provided by Shimanskii et al. (2004) . Finally, by estimating the color excess due to the interstellar absorption approximately equal to E(B−V) = 0.5 mag and assuming a spectral type range of F5-K0 V for the secondary, Exter et al. (2005) have calculated a distance to HFG1 within a range of 310-950 pc. Shimanskii et al. (2004) . The primary and the secondary are labeled by the 1 and 2 subscripts, respectively. M refers to masses, R to stellar radii, g to surface gravities and T e f f to effective temperatures.
0.57 ± 0.03 R 1 (R ⊙ ) 0.19 ± 0.02 log g 1 (cm s −2 )
5.65 ± 0.05 T eff,1 (kK) 83 ± 6 Secondary M 2 (M ⊙ ) 1.09 ± 0.07 R 2 (R ⊙ )
1.30 ± 0.08 log g 2 (cm s −2 )
4.23 ± 0.06 T eff,2 (kK) 5.4 ± 0.5
All the aforementioned properties of HFG1 make this PN a very intriguing object as it shares two rare properties: a) only a few PNe with sdO central star associations have been reported in the literature (see table 5 of Aller et al. 2015 , and references therein). The study of these PNe consists a vital tool to provide new insights into the unclear origin of sdO stars, and b) HFG1 is the only well observed PN that reveals a bow shock-tail cometary structure. Detection of optical bow shocks is one of the cornerstones for determining, or at least constraining, the properties of the stellar wind, the stellar proper motion, and the local ISM (Gvaramadze et al. 2012; Wareing 2012; Meyer et al. 2014) . Therefore, HFG1 constitutes a unique celestial laboratory which serves as a basis on a better understanding of the processes that accompany the end point of low/intermediate mass stars evolution. In particular, the bow shaped morphology of HFG1 provides vital information on the mass loss history of its progenitor star as the mass loss rate and wind velocity can be contained by the geometrical properties of the PN. This in turn provides new insights into the unknown evolutionary tracks toward the formation of sdO stars.
In this work, we demonstrate that the characteristics of HFG1 can be explained by the interaction of the local ISM with the stellar wind that was emanating during the AGB and post-AGB phase of its supersonically moving progenitor system. We perform 2D hydrodynamic simulations and we show that the cometary structure of the PN with a rather extended bow shock and a collimated tail can best be reproduced by considering a time variable mass loss history as described by the theoretical predictions for the AGB wind of a 3 M ⊙ star. Such a result agrees with the observables of V664 Cas closing the loop from the HFG1 central star evolution to the morphological properties of the PN. This paper is organized as follows: in Sect. 2 we constrain the properties that determine the evolution of HFG1 based on the theory of bow-shaped wind bubble formation. In Sect. 3 we reestimate the distance of HFG1 eliminating its possible range. Based on that we further constrain the parameters which determine the model. In Sect. 4 we model HFG1 using hydrodynamic simulations. We describe the numerical code, the methodology that we follow, and we present the results of our models. We evaluate our results and the implications of them in our understanding of PNe properties with sdO central star in Sect. 5. Finally, a summary of our conclusions is presented in Sect. 6.
FORMATION OF A BOW SHAPED WIND BUBBLE
Continuum mass outflows emanating from the stellar surface in the form of a stellar wind sweep-up the surrounding medium and form a circumstellar bubble. Initially, at the vicinity of the mass losing object, the mass of the wind is much larger than this of the sweptup ambient medium (AM) and, consequently, the wind follows a free expansion phase. Within this region of the wind bubble the density drops off rapidly with increasing radius and it is given by: ρ =Ṁ/(4πu w r 2 ), whereṀ, is the mass loss rate of the wind, u w the wind terminal velocity and r the radial distance from the masslosing object. In most cases the velocity of the stellar wind is supersonic with respect to the local AM. Therefore, a shock arises at the outermost part of the wind bubble known as forward shock which sweeps up the surrounding AM and compresses it in a dense, hot shell. The expansion of the wind bubble progresses, more and more swept-up mass is accumulated and the wind bubble starts to decelerate. The result of the deceleration is the formation of a second shock wave, the termination shock, which is propagating inwards, in the rest frame of the freely expanding region, and compresses the wind into a second shell. The two shells of shocked AM and wind material are separated by a contact discontinuity, of which the location is determined by the establishment of the pressure balance (see Weaver et al. 1977; Koo & McKee 1992 , for a complete theoretical review).
If the mass-losing object is moving supersonically, with respect to the local AM, the wind bubble is forming a bow shaped structure under the ram pressure of the surrounding medium. If the AM is homogeneous, the stellar wind is spherically symmetric and time invariable or at least its time variability is larger than the timescale of the wind outflow, 
with r indicating the distance of the bow shock; the system relaxes in a steady state. In this case, the structure of the bow shaped wind bubble is determined by four variables: the wind's mass loss rate (Ṁ) and terminal velocity (u w ), the spacial velocity of the mass losing object (u * ) and the AM density (n AM ). The point of the bow-shaped termination shock closest to the mass losing star lies in the direction of the stellar motion and it is known as stagnation point. The radius of the stagnation point from the star (r 0 ) is estimated from the balance of the AM and stellar wind ram pressures (P = ρ u 2 ) at the direction of the stellar motion. This gives:
The approximate shape of the bow shaped termination shock with respect to the stagnation point is given by:
where r is the distance between the mass losing object and the termination shock, while θ is the angle between the radius vector r and the vector of the stellar velocity u * (Houpis & Mendis 1980; Borkowski et al. 1992 ). In the opposite direction of the stellar motion, the shell of the shocked wind is compressed by the AM ram pressure and for the cases where the later is much higher than that of the wind pressure, the socked wind shell is getting accumulated in a narrow region behind the mass losing object, which observationally resembles a 'tail'. As described in Sect. 1, the PN HFG1 reveals a bow shock-tail morphology which most likely is formed by the interaction of the local AM with the wind of its supersonically moving progenitor. Boumis et al. (2009) estimated the spacial velocity of the PN, with respect to the local AM, to be in the range from u * = 29 ± 4 km s −1 to 59 ± 9 km s −1 for the given range of possible distances of D = 310 − 950 pc (Exter et al. 2005) , respectively. The angular radius of HFG1 stagnation point (radius of the outer arc at the direction of motion) is ∼ 6.5 arcmin (see fig.2 of Heckathorn et al. 1982) , which corresponds to a stagnation point radius of r 0 = 0.59 − 1.80 pc for the aforementioned distance range.
To reproduce the radius of the stagnation point, except from the known -distance dependent -spacial velocity of HFG1, we also need the wind properties (Ṁ, u w ) of its progenitor as well as the density of the local AM. As described in the Introduction, PNe are formed by the mass outflows at the ending phase of AGB stars. These stars are characterized by strong, slow stellar winds with mass loss rates ofṀ ≈ 10 −7 − 10 −5 M ⊙ yr −1 and wind terminal velocities of u w ≈ 5 − 15 km s −1 , depending on their mass, metallicity and AGB evolutionary stage (Vassiliadis & Wood 1993) . As far as the local AM density is concerned, we do not have any a priori estimates. However, its range can be estimated by the constraint of the observed value of the stagnation point radius given the aforementioned range of PN spatial velocity, the wind mass loss rate and the wind velocity (see Eq. 2). This implies that the number density should be in the range of n AM = 5 × 10 −3 − 1.6 cm −3 and n AM = 5 × 10 −4 − 4 × 10 −2 cm −3 for the two limits of the possible distance range, D = 310 pc and D = 950 pc, respectively (Fig. 2) . Such AM density values are reasonable as they are characteristic for the neutral/ionized warm or hot component of the ISM (see e.g. McKee & Ostriker 1977) . Finally, for the given radius of the stagnation point and assuming the typical values of AGB winds, a steady state situation is reached after t f low ≈ 0.05 − 0.1 Myr for r 0 = 0.59 pc and t f low ≈ 0.2 − 0.3 Myr for r 0 = 1.80 pc. These timescales are well within the limits of the lifetime of AGB stars (t AGB ∼ 1 Myr).
ELIMINATING THE DISTANCE RANGE OF HFG1
The wide range of HFG1 possible distances estimated by Exter et al. (2005) introduces large uncertainties to the model as both the PN systemic velocity and the size of its structure are distance dependent (see previous section).
In this work, attempting to eliminate the distance range, we proceed to an updated distance estimation by implementing a modified approach of Bonanos et al. (2006 Bonanos et al. ( , 2011 . The procedure aims to model the observed spectral energy distribution (SED) f λ of the PN central binary system based on the optimal set of physical parameters that Shimanskii et al. (2004) provide for its stellar components.
To realize this task, phased apparent magnitudes of V664 Cas in a wide range of passbands are required; however, no such information is available in the literature due to the lack of published minima timings and light measurements converted to the stand- ard photometric systems. To deal with this incompleteness, we first phase the available magnitudes at the near infrared wavelengths, as provided from the 2MASS photometric survey (Cutri et al. 2003) , based on the seasonal ephemeris of Shimanskii et al. (2004) ; since the latter was composed a few only months later than the epoch the 2MASS measurements were conducted, it is accurate enough for this purpose. We find that the values of J = 12.93 ± 0.02 mag, H = 12.68 ± 0.03 mag, and K s = 12.58 ± 0.03 mag actually correspond to the zero phase, i.e., to the minimum of the light curve where the non-irradiated side of the secondary component is observed. Intending to complement with the visual counterparts, an intensive program of observations was implemented in the visual passbands at two observatories, as thoroughly described in the following section.
Observations
Photometric observations of standard stars took place with the 2.3 m , Aristarchos telescope (f/8) at Helmos observatory on August 27, 2015 with very good atmospheric conditions (seeing ∼ 1.4 arcsec). It is equipped with a liquid nitrogen CCD camera of a 1024 × 1024 pixel 2 array and a 5 × 5 arcmin 2 field of view, resulting in a 0.29 arcsec 2 pixel resolution. Eight standard stars were properly selected from the Landolt (1992) catalogue to be monitored in a large range of air masses (94401, 110266, 110360, 110361, 110364, 113163, 113167, and 114531) . The photometric measurements were acquired at the V, R broad Johnson-Cousins passbands with exposures varying from 5 to 60 seconds, depending on the filter and the program star, achieving an error close to or less than 5 mmag. The extinction coefficient and the instrumental offset were then estimated through a standard least-squares linear fit (Fig. 3,  left) . No attempt was made to correct for the color effects; that is, the second order extinction coefficient was omitted from the overall analysis. In addition, differential photometry of V664 Cas was carried out on August 28, 2015 covering a small part of the light curve, however other than the minimum profile. All data accounting for the differential photometry were reduced using the software MuniWin v.1.1.28 (Hroch 1998) , while the absolute photometry was performed through the appropriate IRAF routines (Tody 1993) in the IDL programming environment.
The magnitude values were obtained by the standard aperture photometric procedure, while the observing times were converted to the heliocentric Julian Date (HJD).
In the absence of an accurate ephemeris during the observing run at Helmos observatory, the observed fluxes of the standard stars were employed to calibrate the comparison star GSC 04056:01235, yielding the values V comp = 13.23 ± 0.03 mag and R comp = 12.69 ± 0.03 mag. The more extensive differential photometry at the Gerostathopoulion observatory then allowed the precise estimation of the V, R magnitudes for V664 Cas at the minimum of the light curve ( Fig. 3, right) . More particularly, the values V = 14.60 ± 0.04 mag and R = 14.31 ± 0.03 mag were finally inferred from the analysis, taking also into account a small offset between the two observatories (by comparing the differential photometry at the same phases).
Mathematical procedure
To convert our visual and 2MASS near infrared magnitudes to fluxes, we use zero points from Bessell et al. (1998) and Cohen et al. (2003) as explicitly described in Bonanos et al. (2006 Bonanos et al. ( , 2011 . Because of the multi-parameter nature and the mathematical complexity of the physical problem, we assume that the surface fluxes of both components are well reproduced by a black-body Planck distribution; since the observed SED corresponds to the minimum of the light curve, this representation holds for the nonirradiated only side of the cool component which is the less contaminated from the reflection effect. To further simplify the mathematical approach and to guarantee convergence, we then remove the impact of the primary component from the system, taking into consideration the range in which the hot subdwarf absolute parameters vary (T e f f ,1 = 83000 ± 6000 K, R 1 = 0.19 ± 0.02 R ⊙ , see Table 1 ).
In the remaining SED of the secondary component, the observed fluxes f λ are accompanied by their formal errors reflecting both the observational errors and all the uncertainties caused from the primary SED subtraction over all available VRJHK s photometric bands (Fig. 4) . Given the Planck-reproduced surface fluxes F λ and the radius R of the main sequence component, the distance D can be then made available through the following relation:
with the extinction curve A λ being calculated as a function of the color excess E(B − V) via the reddening parameterization of Cardelli et al. (1989) , adapting both the optical and near infrared wavelengths and setting R v = A v /E(B − V) = 3.1 as reference value for the visual. The distance is then determined by means of a non-linear least-squares minimization Gauss-Newton procedure (e.g. Press et al. 1992) . To involve the uncertainties of the observed SED, the fluxes are weighted proportionally to the inverse value of their standard errors. In its simplest version, the aforementioned regression scheme is first implemented by fixing the effective temperature, the stellar radius, and the color excess at 5400 K, 1.3R ⊙ (Shimanskii et al. 2004) , and 0.5 mag (Exter et al. 2005) , respectively, leading to a distance 640±50 pc. In a more advanced approach, the color excess is set as an unknown parameter, keeping the same temperature and radius values fixed as before. A shorter distance of 497 ± 15 pc and a stronger color excess of 0.83 ± 0.04 mag are then derived as the optimal pair after the final convergence.
However, the inferred errors seem to be unreliably small since they do not reflect the uncertainties of all the incorporated physical quantities. To raise the validity of the approach, we take into consideration both the range in which the stellar absolute parameters vary (T e f f ,2 = 5400 ± 500 K, R 2 = 1.30 ± 0.08 R ⊙ , Shimanskii et al. 2004) , and the residuals scatter (as emerged from the best-fit model) by performing Monte Carlo (MC) simulations through suitable R routines (R Core Team 2013). In particular, we generate (a) 1000 temperature values from a Gaussian distribution with mean 5400 K and standard error 500 K, (b) 1000 radius values from a Gaussian distribution with mean 1.3 R ⊙ and standard error 0.08 R ⊙ , and (c) 1000 synthetic residual samples following a zero-centered Student distribution with 3 degrees of freedom and spreading by 6.9 × 10 −17 erg cm −2 s −1 A −1 , which corresponds to the residual mean error of the 5400 K optimal model. Note that in the presence of only a few available data, a t-distribution is a more appropriate choice instead of a Gaussian to model the residuals. The simulated values yield a distance D = 490±50 pc and a color excess E(B − V) = 0.82 ± 0.14 mag interval, respectively, with their upper and lower limits to represent any uncertainties may be propagated from the physical problem parameter space at a 68% significance level. The MC error was estimated as low as 5 pc and 0.02 mag (after having repeated the same procedure by 10 times), confirming that the sampling was sufficient enough for inference.
Although all aforementioned approaches give distance values which are in good agreement with those found in literature, here we have managed to eliminate the range in which the distance lies. The larger color excess values with respect to those inferred from spectrophotometric analyses (Heckathorn et al. 1982; Exter et al. 2005) imply that the interstellar extinction might have been underestimated so far, a finding that is consistent with the value of 0.92 ± 0.03 mag, as arisen from the Galactic reddening mapping of Schlafly & Finkbeiner (2011) in the nearby region. Similarly to Exter et al. (2005) , we have isolated the SED of the secondary component; however, instead of the red only passband, we have taken advantage of five available photometric bands. Even further, taking the variability of V664 Cas into consideration, the uncertainties of both the full physical parameter set and the regression approach, we suggest a more well-constrained distance of 490 ± 50 pc.
Adopting a distance of D = 490 pc for HFG1 the observed angular distance of the outer shell stagnation point corresponds to a radius of r 0 = 0.92 pc while its spacial velocity with respect to the local AM is u * = 35 ± 5 km s −1 . Following the process of Sect. 2 we find that, for the AGB wind properties, an AM density of n AM = 1.5×10
−3 −0.5 cm −3 is needed to reproduce the stagnation point, while a steady state situation is reached for t f low ≈ 0.1 Myr. 
HYDRODYNAMIC MODELING
In Sect. 2 we show that the scenario which suggests that the cometary structure of HFG1 is formed by the mass outflow of its supersonically moving AGB progenitor seems able to reproduce the observed position of the stagnation point adopting characteristic values of AGB winds and AM densities which correspond to the neutral/ionized warm or hot component of the ISM. Here, we further investigate this scenario by performing two dimensional (2D) hydrodynamic simulations, targeted to model the overall morphology of HFG1.
Method
We employ the hydrodynamic code of the AMRVAC framework (Keppens et al. 2003) to simulate the formation and evolution of the PN HFG1 that surrounds the pre-cataclysmic binary V664 Cas. We perform the computations on a 2D grid in spherical coordinates assuming symmetry in the third dimension. The Euler equations are solved conservatively with a TVDLF scheme, using the adaptive mesh strategy to refine the grid where needed as a result of large gradients in density and/or energy. Our radial span is 35 × 10 18 cm and the range of the polar angle is from 0
• to 180 • . On the base level, we use R × θ = 96 × 60 cells and allow for three refinement levels, at each of which the resolution is doubled. The maximum effective resolution, thus, becomes 9.1 × 10 16 cm by 0.75
• . Radiative cooling is prescribed using the cooling curve of Schure et al. (2009) .
We model the system in the rest frame of the PN progenitor and we represent the ISM interaction as an inflow. The ISM of density ρ AM enters the grid antiparallel to the y-axis and with a momentum m r = ρ AM u * cos θ. Thus, the symmetry axis is aligned with the systemic direction of motion. In the inner radial boundary, we impose a continuous inflow in the form of a stellar wind with a density profile of ρ =Ṁ w /(4πr 2 u w ) and momentum components m r = ρu w and m θ = 0. Figure 5 illustrates a typical structure of a wind bubble, formed by a supersonically moving mass losing star. From inside out are clearly depicted the four regions of the freely expanding wind where ρ ∝ r −2 , the shock wind shell, the shell of shock AM, and the region of unperturbed AM (see right plot of the figure). The inner density jump corresponds to the position of the termination shock, while the outer one to this of the forward shock. The dashed line marks the position of the contact discontinuity which separates the wind material from the AM.
Models with constant ambient medium and wind properties
In Sect. 2, we defined the possible range of the AGB wind properties as well as the constraints of the AM density, placed by the observed -distance dependent -radius of the stagnation point, and the systemic velocity of the central star. These ranges/constraints combined with the observed systemic velocity of HFG1 determine the input parameter space of our models. Taking this into account we perform a grid of hydrodynamic models attempting to find the optimal parameters that are able to reproduce the main characteristics of HFG1. Intriguingly, we found that considering time invariant wind and AM properties, none of our models achieved to explain the overall morphology of this PN. The reasons are the following: a) For a given possible distance of HFG1, adopting the set of wind/AM properties, which theoretically satisfy the observed position of the stagnation point (see shadowed regions of Fig. 2) , the resulting AM ram pressure is not high enough, with respect to the wind flow counterpart, to form the observed collimated tail which Table 2 and text for details) is lying close to the mass-losing object while the resulting overall structure of the outer shell is rather extended and its shape deviates substantianlly from the observed one.
To illustrate this, we present two models of our grid which correspond to the cases where HFG1 takes the minimum and maximum value among its possible distance range (Model: PN stag,Dmin for D min = 310 pc and Model: PN stag,Dmax for D max = 950 pc). The parameters of these two models (see Table 2 ) are chosen to reproduce the observed stagnation point radius of HFG1 for each distance (Eq. 2). The resulting density structure of the bow shaped wind bubble for these two models is depicted in the left column of Fig. 6 . As predicted by the analytical approximation both models reproduce the observed radius of the stagnation point which is 1.9 × 10 18 cm = 0.6 pc and 5.5 × 10 18 cm = 1.8 pc for D = 310 pc and D = 950 pc, respectively. Nevertheless, for both models due to the high ram pressure, apart from the radius of the stagnation point, the rest structure of the outer shell is much more extended and its shape is more elongated in the direction of motion than the observed one (see Table 3 ). Interestingly, Eq. 3 does not satisfy the observed geometry of the PN outer shell suggesting that the wind bubble of HFG1 is out of a steady state (Eq. 1). As far as the tail properties are concerned, the model PN stag,Dmin results to a wider tail which starts far beyond the CS compared with what we observe, while in the model PN stag,Dmax no tail is formed (Table 3) . b) On the other hand, a collimated flow in the form of a tail close to the CS can be formed either by increasing the ISM medium ram pressure (increasing the n AM ) or/and by decreasing this of the wind (decreasingṀ, u w ). The models PN tail,Dmin and PN tail,Dmax (right column of Fig. 6 ) represent this case for the minimum and maximum distance of HFG1, respectively. The width, the length and the starting point of the tail agrees with what we observe at the PN. However, due to the high ram pressure of the ISM, the radius of the stagnation point and the overall wind bubble structure are much smaller than the observed ones (Table 3) . Table 2 . The properties of the four studied models with constant wind and AM properties. The D refers to the assumed HFG1 distance of each model, while τ AGB refers to the time interval of the wind bubble evolution. At all of the models it has been assumed that the temperatures of the wind and the AM are T wind = T AM = 10 3 K. 
Alternative scenaria
In the previous section we showed that a description of the problem considering time invariant wind and AM properties is not able to explain the overall morphology of HFG1. Precisely, these models cannot reproduce at the same time the extended bow shaped shell and the collimated tail observed at the PN. Considering that the overall shape of the bow shaped shell and tail are determined by the pressure balance of the wind and AM flows, we increase the complexity of the problem assuming that during the formation of HFG1 the wind or/and the AM ram pressure are time variables. Under this assumption someone could suggest that, during the early phase of the PN evolution the ratio of the AM ram pressure (P AM ) over this of the wind (P wind ) is high enough to compress the wind material behind the CS into a collimated tail. Subsequently, as time progresses, this ratio decreases -the wind ram pressure becomes more dominant -and the bow shaped shell expands to the observed size of HFG1. The PN retains the tail being a remnant of the previous phase of the PN evolution. Given the variables which are entangled in the description of the wind and ISM ram pressures (see Eq. 2) such a scenario can occur if during the formation of the PN at least one of the following processes are taking place: i) the CS systemic velocity decreased, ii) the AM density decreased, iii) the wind mass loss rate or/and its terminal velocity increased. In this section we test the possibility and the plausibility of such a process to occur during the HFG1 evolution.
Case (i):
A rapid change at the systemic velocity of a star or binary system is possible either through a collision with an other star or binary (Portegies Zwart et al. 1999) or by being a member of a binary or triple system and receiving a kick velocity due to a rapid mass loss episode of its companion star (e.g. a supernova explosion, Blaauw 1961). Thus, case (i) implies that during the formation of HFG1, V664 Cas either experienced a collision with an other star/binary or was a triple system in which the third member exploded as a supernova. Such an interaction should occur in a way to decelerate the object leading to the expansion of the outer wind shell. Nevertheless, the specific conditions that this scenario demands, which should take place in the short time duration of the PN formation (t PN ∼ 1 Myr), combined with the lack of any observational evidence that any of the aforementioned processes occurred (e.g. traces of a supernova remnant) render case (i) rather unlikely and implausible.
Case (ii):
This option suggests that the AM around HFG1 is characterized by a sharp negative density gradient in the direction of HFG1 motion. Thus, during the formation of the PN, HFG1 has passed from a medium with a specific density to an other with a lower one. The decrease of the AM ram pressure due to the decrease of its density leads to the expansion of the outer shell at the final stages of the PN evolution. Such a scenario has been suggested in literature to explain the formation of the wind bubble that surrounds the Mira AB binary system which reveals a structure similar to HFG1 described by an extended bow shock accompanied by a collimated tail (Esquivel et al. 2010; Wareing 2012 ).
Nevertheless, this scenario reveals the following weakness: the pressure balance at interface of the high and low density media that this scenario requires, demands the temperature of the low density medium to be higher than this of the former. In other words, case (ii) suggests that HFG1 has passed from a warm neutral medium into a hot, low density medium. Due the high temperature, the sound speed in the hot medium is also high (e.g. for n = 10 −3 cm −3
and T = 10 6 K we get a sound speed of c s ∼ 70 km s −1 ). This high sound speed results in a subsonic/transonic velocity shear at the wind/AM interface. It has been shown that the spreading rate of transonic/subsonic mixing layers is much larger than this of high Mach number mixing layers (Canto & Raga 1991) . This results in a complex, turbulent structure of the bow shock/tail bubble (Wareing et al. 2007; Esquivel et al. 2010 ), something that is not observed in HFG1.
Case (iii):
The final option suggests that the wind ram pressure follows the increase of the mass loss rate or/and the wind Figure 7 . The time evolution of the wind mass loss rate (black dashed line) and terminal velocity (red solid line) over the formation of the planetary nebula as described by Eq. 5 (AGB wind) and Eq. 7 (fast wind).
terminal velocity. As we explained in the Introduction, PNe are formed by mass outflows that accompany the ending phase of AGB stars. At this evolutionary stage the stars are characterized by strong time variable winds with mass loss rates which increase by at least a factor of 10 2 − 10 3 from the early AGB phase up to the final thermal pulsating and super wind phase (Vassiliadis & Wood 1993) . Thus, case (iii) offers a natural explanation of a progressive wind ram pressure domination aligned with the stellar evolution theory and, in contrast to cases (i) and (ii), it does not demand specific external conditions/processes that coincidentally occurred during the PN formation. Thus, this scenario seems to be the most plausible and worths further investigation.
Models with time depended wind properties

Estimating the PN progenitor properties based on the observables of V664 Cas primary star
In the previous section we argued that the cometary structure of HFG1, could possibly be reproduced by a time variable wind of its progenitor star. In order to keep our model self-consistent, based on the observed properties of its central star, V664 Cas, we first attempt to estimate the initial stellar mass and metalicity of the PN progenitor. Then we describe its wind properties and variability during the formation of the PN by adopting the predictions of the stellar evolution theory.
The primary of V664 Cas, which formed the PN, is a sdO star. Its high estimated effective temperature, T e f f = (8.3 ± 0.6) × 10 4 K, in combination with its estimated surface gravity log g = 5.65 ± 0.05 cm s −2 (see Table 1 ) classifies this object as a luminous sdO (Napiwotzki 2008). This subclass of sdO stars is consistent with a post-AGB or post-early-AGB nature (Schoenberner 1983; Bloecker 1995; Napiwotzki 2008) .
The initial mass of the sdO progenitor star can be estimated through the comparison of the current, observed properties of V664 Cas primary star with the evolutionary tracks of AGB/post-AGB stars by Schoenberner (1983) and Bloecker (1995) . According to Shimanskii et al. (2004) the mass of the sdO primary star is in the range of 0.54 -0.60 M ⊙ . Within this mass range the post-AGB tracks indicate a 1 -3 M ⊙ AGB progenitor, respectively. The comparison between the same evolutionary tracks and the observed properties of the sdO star in the surface gravity -effective temperature diagram (Napiwotzki 2008) favors more the lower band of the aforementioned initial mass range. However, given the uncertainties that include both the observational derivation of the V664 Cas fundamental parameters and the estimated post-AGB tracks we adopted a broader range of initial masses. In particular we test the cases of an AGB wind progenitor with initial masses 1, 2, 3 and 4 M ⊙ 1 . Finally, the initial metallicity of the sdO progenitor is considered to be solar (Z = 0.02) since the F5-K0 main sequence secondary star of V664 Cas reveals roughly solar composition (Exter et al. 2005) .
Here, we present the model that best reproduces the properties of HFG1 and this corresponds to an AGB star with initial mass of 3 M ⊙ . However, note that the cases of 2 M ⊙ and 4 M ⊙ revealed similar results and also -for the proper set of parameters-can roughly reproduce the observable of HFG1. This is not happening for the case of a 1 M ⊙ AGB wind as for such a star the AGB evolution terminates immediately before reaching the thermal pulsating AGB phase (Bloecker 1995) . As a result the rapid increase towards high mass loss rates is absent in this case and hence, is not possible to form the extended bow shaped shell observed in HFG1.
The formation of the PN from a 3 M ⊙ AGB time variable wind
To describe the time variable wind mass loss rates of such a star (M, Z) = (3 M ⊙ , 0.02) during the thermal pulsating AGB (TP-AGB) phase we use the results of the TP-AGB evolutionary models computed with the code COLIBRI ) and presented at Nanni et al. (2013) (see their fig. 3 ). By doing this we neglect the effects that arise from the duplicity of the progenitor system as the overall morphology of HFG1 does not reveal any particular structure or peculiarity (e.g. bipolar structure or/and strong equatorial outflows) which demands the consideration of strong binary interactions. For computational simplicity also we neglect, the short time variability of the mass loss rate over the thermal pulse cycle (the depicted spikes that result form the He-shell flash ignition/quiescence) as they do not greatly affect the final outcome of the simulation (Wareing et al. 2007 ). Then, we interpolate during the nuclear evolution of the wind mass loss rate using three exponential functions (Ṁ ∝ 10 t ) which describe the TP-AGB and the super wind phase (see also Fig. 7) : for t = 1.05 − 1.16 Myr.
For simplicity we consider the wind terminal velocity constant as it does not change significantly during the AGB evolution (Vassiliadis & Wood 1993) .
n (cm −3 ) Figure 8 . The evolution of the bow shaped wind bubble of models PN 3M⊙,Dmin (upper row), PN 3M⊙,Dopt (middle row) and PN 3M⊙,Dmax (lower row). The snapshots from left to right correspond to the times 0.62 Myr, 1.03 Myr, 1.12 Myr, 1.16 Myr. Table 4 . The properties of the three studied models based on the wind properties of a 3 M ⊙ AGB star. At all of the models it has been assumed that the temperatures of the wind and the AM are T wind = T AM = 10 3 K. Defining the mass loss rate from the aforementioned stellar evolution model, the free parameters of the hydrodynamic modeling are the AM density and the wind terminal velocity where for AGB stars the later is bounded within the small range of ∼ 5 − 15 km s −1 . As we discussed in the previous section the geometrical size as well as the systemic velocity of HFG1 are distant dependent. Thus, any hydrodynamical model should refer to a specific distance of the object. Here we study three cases where at the first two we consider that HFG1 is placed at the minimum and maximum possible distance as estimated by Exter et al. (2005) : models PN 3M⊙,Dmin and PN 3M⊙,Dmax for D = 310 pc and D = 950 pc, respectively. For the third case we consider the PN to be at the optimum distance estimation as calculated in this work (see Sect. 3): model PN 3M⊙,Dopt for D = 490 pc. The aim of considering in our modeling these three distances is to place possible limitations on the distance of the object through the comparison of the models output with the current observables of HFG1. The input parameters of the models which best describe the observed properties of HFG1 are presented in Table 4 . Fig. 8 shows the time evolution of the bow shaped wind bubble of these three models. Initially (t = 0.62 Myr) due to the low wind mass loss rates, the ratio of AM/wind ram pressure is high resulting in a narrow bow shaped bubble followed by a collimated tail. As time progresses (t = 1.03, 1.12, 1.16 Myr) the wind mass loss rate, and hence its ram pressure, increases following Eq. 5. The termination shock expands rapidly forming an extended bow shock. Nevertheless, the changes of the mass loss rate that occur in the wind source are not communicated instantaneously to the bow shock but need a time interval higher than t f low (see Eq. 1). As the radius of the bow shock increases with the azimuthal angle (θ), any change at the wind properties is first communicated at the region close to the stagnation point, and then to larger azimuthal angles. Consequently, during the whole wind bubble evolution, a steady state is never reached and the expansion of the bow shock is asymmetric where the regions close to the stagnation expand faster. The final outcome of this process (t = 1.16 Myr) is a more spherical bow shock than this predicted by the analytical solutions (Eq. 3), something that is in agreement with what we observe for the case of HFG1. In addition, as the region of the stripped wind material that forms the tail lies away from the wind source, it is not affected by the rapid changes of the wind mass loss rate and thus, it retains its collimated structure formed in the previous stages of the wind bubble evolution. The final outcome of the wind bubble reveals a cometary structure with an extended bow shock and a collimated tail, something that closely represents the morphology of HFG1.
Fast wind and ionization flux description
Having achieved to reproduce the main morphological characteristics of HFG1 based on the wind variable models aligned with the AGB evolution of a 3 M ⊙ , we proceed our PN modeling by including the short-term phase of the fast wind and the photoinization effects that accompany the collapse of the AGB core.
During the fast wind phase, the wind terminal velocity increases sharply where in about t ≃ 10 4 yr it gets values of the order of 10 3 − 10 4 km s −1 (Pauldrach et al. 1988 ) . To simulate this rapid increase of the wind velocity, we describe the velocity evolution with an hyperbolic tangent function. We demand the initial value of the fast wind velocity to be equal to the AGB wind velocity (u AGB ) in order to get a smooth evolution from the previous stage. The terminal value of the fast wind velocity is considered to be equal to the current escape velocity (u esc ) of V664 Cas primary star. Given that the observed surface gravity of the sdO central star is log ≈ 5.65 cm s −2 , we find u esc ≃ 10 3 km s −1 . Thus, the velocity evolution during the fast wind phase is described by:
with t the time in Myr. Simultaneously, the mass loss rate decreases in a manner that conserves the wind ram pressure, as follows:
The above mathematical description holds for 7 × 10 3 yr, straight after the end of the super wind phase.
The resulting density structure of the PN for the three studied models, PN 3M⊙,Dmin , PN 3M⊙,Dmax and PN 3M⊙,Dopt , including the fast wind phase is depicted at the left column of Fig. 9 . Due to the small time interval of this phase, the fast wind region remains small compared to the overall PN structure forming a small cavity around the CS without affecting the general morphological properties of the PN. The small spikes at the fast wind -AGB interface are resulting from the Rayleigh-Taylor instabilities as the fast wind bubble evolves in the much denser AGB wind region.
At the final step we attempt to describe in our simulations the ionization front due to the flux of the CS. A numerical approach of this process requires a sophisticated method of radiation transfer something that is not included in the AMRVAC code. Thus, at the current work we resort to a simplified approximation of this process. During the fast wind phase we -instantaneously -increase the cold plasma temperature from values lower than 1000 K to 10 4 K. Such a hypothesis is aligned with an R-type ionization front (Giuliani 1981; Huarte-Espinosa et al. 2012) in which the ionization front evolution is much faster than this of the hydrodynamic evolution. The final profile of PN luminosity per unit volume for the three studied models are portrayed in the right column of Fig.  9 .
In Table 5 , we compare the main morphological properties of HFG1 with the relevant values of our modeling. The models of the time variable wind -contrary to these of constant wind parameters -that correspond to a 3 M ⊙ AGB progenitor reproduce closely the general shape of the outer shell and the geometrical properties of the tail as observed in HFG1.
DISCUSSION
Comparison of HFG1 with the hydrodynamic models
We have shown that considering time invariant stellar wind and ISM properties, the morphological properties of HFG1, as revealed by Heckathorn et al. (1982) and Boumis et al. (2009) , cannot be reproduced. In particular these models cannot reproduce simultaneously the geometry of the bow shaped shell -which substantially deviates from the steady state solutions (Sect. 2) -and the collimated tail observed in HGF1. Motivated by the stellar evolution theory, we increased by a step the complexity of the modeling by considering a stellar wind with time variant mass loss rates during the formation of the PN. The description of this time variability was made by adopting the predictions of AGB ) and post-AGB (Pauldrach et al. 1988 ) evolutionary models. Finally, the stellar parameters of the AGB progenitor were determined by comparing the observables of V664 Cas (Shimanskii et al. 2004; Exter et al. 2005 ) -the central binary of HFG1-with the theoretical post-AGB evolutionary tracks (Schoenberner 1983; Bloecker 1995) . Within the parameters space that this comparison provided, we tested several models and we found that HFG1 is best reproduced by the mass outflows of a 3M ⊙ stellar progenitor, with solar metallicity, during its AGB and post-AGB phase (even though the cases of a 2 M ⊙ and 4 M ⊙ AGB progenitor cannot be strictly excluded).
In our modeling with a 3 M ⊙ AGB progenitor we took into consideration three possible distances of the object, two of them correspond to the two distance limits placed by Exter et al. (2005) , D min = 310 pc and D max = 950 pc , while the last one to the optimum distance estimated by this work, D opt = 490 pc. All three models reproduce the overall characteristics of HFG1 outer shell and the collimated trail that follows the PN. According to these models, the tail is formed at the early TP-AGB phase where the mass loss rate, and thus the wind ram pressure, is relative low. Nevertheless, as the mass loss rate increases towards super-wind values, the outer shell expands to the observed size. Due to the short time duration of the super-wind phase, the sharp increase of the mass loss rate has not been communicated to the wind material that forms the tail and hence the latter retains its collimated structure. In addition, as the wind is time variable, the outer shell in our modeling never reaches a steady state and its resulting geometry is more spherical than expected by the analytical approach, something that resembles closer the observed shell of HFG1.
Except from the general PN morphology that the hydrodynamical simulations and observations reveal, we quantified the comparison between the models and observations using four parameters (Table 5) : the radius of the stagnation point (r o ), the radius of the termination shock at the region where the angle between the radius vector and the vector of the stellar velocity is 90 o and 170 o (r θ=90 o and r θ=170 o , respectively) and finally, the width of the tail (w tail ). All three models reproduce quite accurately the radius of the stagnation point as well as the radius of the terminations shock at θ = 90 o . The hydrodynamic simulations reveal the outer shell structure of the PN slightly more elongated than the observed one, resulting to an overestimation of the termination shock radius at θ = 170 o by around 15 -20%. This small difference could possible be explained by the fact the HFG1 is slightly tilted toward the observer (Boumis et al. 2009 ) and thus, what we observe is the protection of the PN in the plane of sky. This, combined with the geometry of HFG1, makes, in this direction, the observed radius to be smaller than the real one. Finally, as far as the width of the tail is also well reproduced with the exception of the PN 3M⊙,Dmax model which overestimates it by ∼ 25%.
The models also reproduce the decrease of the outer shell brightness as the azimuthal angle increases and support the formation of a 'drop-shaped' inner nebula. Nevertheless, our simulations cannot explain the sharp positive gradient of the inner nebula brightness in the direction of PN motion as well as its diffusive appearance. These observed properties could possible be explained by asymmetric mass outflows during the AGB and post-AGB phase or by a polar angle dependent ionization front. Both processes have not be included in our modeling.
Comparing the three different models, it is clear that the general morphology of the PN does not strongly depend on the finetuning of the used parameters. Thus, the hydrodynamical result cannot draw a firm conclusion about the distance of the object. However, the adaptation of the maximum possible distance of the PN (D = 950 pc) indicates that HFG1 is one of the largest observed PNe (Frew et al. 2015) revealing an averaged radius of ∼ 2.1 pc. In addition, the low AM density adopted in this model (n AM = 0.04 cm −3 ) is related more to the hot ISM component (Ferrière 2001) . Considering this, it would be more realistic to adopt an AM temperature of T ∼ 10 6 K than the used value of 10 3 K. As we explained in Sect. 4.3, the interaction of the PN with such a high temperature AM would result in a complex, turbulent structure in contrast to the observations. Therefore, even if none of the three models can strictly be excluded, our results favor more for an HFG1 distance closer to the lower limit of Exter et al. (2005) , something that agrees with the independent distance estimation of this study.
SdO in PNe: what can we learn from HFG1
As we briefly discussed in the Introduction, hot sdO stars are evolved, luminous, low mass stars. Despite decades of research, the origin of these stars remains unclear. Among other evolutionary paths, it has been suggested that sdO stars are the remnants of low mass stars (M 8 M ⊙ ) which have been evolved beyond the AGB phase (Heber 2009 ). The main argument for this scenario is the position of sdOs in the Herspung-Russel diagram which is consistent with the theoretically predicted post-AGB tracks (Schoenberner 1983; Bloecker 1995) . If this scenario is true, it implies that a fraction of sdO stars should be hosted at the centre of PNe (Aller et al. 2013 (Aller et al. , 2015 . Thus identifying sdO stars surrounded by PNe is an important quest towards a better understanding of the unclear origin of sdO stars. Up to date a limited number (18) of these systems have been discovered (see the list compiled by Aller et al. 2015 , and references therein) and among them is HFG1. Nevertheless, there is an extra property that makes HFG1 a unique object.
The main component of a PN structure is the bright shell formed by the interaction of the AGB wind with the subsequent fast wind. There are PNe which reveal a more complicated morphology where, in addition to the bright shell, they are consisted of a low-surface brightness outer rim, the so called 'crown' or/and a extended diffusive faint halo. The crown is attributed to the extent of the ionization front resulting to the expansion of the HII region into the neutral undisturbed surrounding. The halo is the remnant of the AGB wind ejected on a previous epoch. Unfortunately, none of these PN structures can provide direct information about the massloss history during the AGB phase. On the one hand, the shell formation is mostly determined by the compact central star properties, and on the other hand it has been shown that development of a multiple component PN structure consisted of a shell crown and halo are independent from the previous AGB-mass-loss histories (Perinotto et al. 2004 ). This is not true for the case of HFG1. Its main difference with the general PN structure is that due to the supersonic motion of HFG1 the AGB wind of its progenitor remains trapped and close to the CS under the ram pressure of the AM. Hence, in this case the outer shell represents the shocked AGB wind compressed by the termination shock. The wind properties determine crucially the final morphology of this shell. Thus, both the observed geometrical shape and the size of the outer shell provide important information on the AGB wind properties and its time evolution.
Our modeling showed that the bow shaped shell of HFG1 can only be reproduced by a time variable wind which, as time progresses, its mass loss rate increases sharply. This result is aligned with the AGB wind models and their prediction of an AGB superwind phase.
Relying our description on the wind time variability on the results of AGB evolution models we find that the best agreement between our simulations and the observed morphology of HFG1 is achieved by assuming an AGB mass of 3 M ⊙ and solar metallicity. This is the expected mass for the progenitor of V664 Cas sdO according to the theoretical predictions of post-AGB stars. Thus, our result achieves to bridge the properties of the PN with the origin and evolution of its sdO CS. For the first time the predictions of the theories regarding the AGB wind properties and the post-AGB origin for the luminous sdOs are verified based on the geometrical characteristics of the surrounding PN.
SUMMARY
The results of the present work are summarised as follows: (i) The main morphological characteristics of the cometary structure of HFG1 can be well explained by the interaction of the local AM with the mass outflows emanating from its supersonically moving progenitor star, V664 Cas. It has been shown analytically that the properties which characterise AGB winds are able to reproduce the size of the bow shaped outer shell observed in HFG1 by adopting the observed proper motion of the PN and reasonable AM densities.
(ii) As the systemic velocity and the size of the PN are distance dependent each model that attempts to explain the properties of HFG1 requires the knowledge of its distance. Exter et al. (2005) estimated the distance of HFG1 to be between 310 -950 pc. Here, we recalculated HFG1 distance by modeling the spectral energy distribution of V664 Cas secondary star. We found that HFG1 is located at a distance of D = 490 ± 50 pc.
(iii) We performed 2D hydrodynamical simulation modeling the interaction of the wind of a supersonically moving AGB star with the local AM. We found that adopting time invariant wind and AM properties, none of our models are able to reproduce the main morphological properties of HFG1. In particular, these models fail to reproduce simultaneously the extended bow shaped outer shell observed in HFG1 and the collimated trail oriented in the opposite direction of the PN motion. This result is independent from the adopted distance of the object.
(iv) At the next set of our models we considered that the wind mass loss rate is increasing with time. Such an assumption is in agreement with the stellar evolution theory of AGB star, which predicts that the mass loss rates increase by several order of magnitudes during the AGB evolution. Based on the observed properties of HFG1 progenitor star, a 0.57 ± 0.03 M ⊙ sdO star, and the post-AGB evolution theory, we restricted the mass range of the PN progenitor star to 1 -4 M ⊙ . Within this mass range we performed 2D hydrodynamical simulations describing the wind mass loss rate by using the prediction of TP-AGB evolutionary models. We found that the morphological properties of HFG1 are best reproduced by a star with initial mass of 3 M ⊙ and solar metallicity.
(v) Adopting a 3 M ⊙ progenitor, we modeled HFG1 considering that the PN is placed at the distances of 310 pc, 950 pc (the two distance limits estimated by Exter et al. 2005) , and 490 pc (the distance as estimated by this work). For all three examined distances, the hydrodynamic models reproduce closely the overall morphological properties of HFG1. Precisely, they reproduce the geometry of the extended outer shell explaining its roughly rounded shape which deviates from the steady state solution of a bow shaped shell. In addition, a collimated tail in the direction opposite to the PN motion is also formed in these models. Its width and length agree with the observations. Finally, these models reproduce the decrease of the outer shell brightness with the increase of the azimuthal angle as well as the formation of a 'drop shaped' inner nebula enclosed on the outer shell. Nevertheless, our hydrodynamic modeling favors the cases of 310 pc and 490 pc as they result in a more reasonable PN size and AM properties.
(vi) The rare morphology of HFG1 combined with our modeling provides the first link which connects the theoretical predicted evolution of an AGB star toward the formation of an sdO with the observed properties of its host PN. This result provides new insights into the unknown nature of sdO stars reinforcing the theory which describes their formation and evolution through AGB and post-AGB phases.
